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Abstract— Recent studies in wireless scheduling have shown
that carrier-sense multiple access (CSMA) can be made throughput optimal by optimizing over activation rates. However, those
throughput optimal CSMA algorithms were found to suffer from
poor delay performance, especially at high throughputs where
the delay can potentially grow exponentially in the size of the
network. Motivated by these shortcomings, in this paper we
propose a node-based version of the throughput optimal CSMA
(NB-CSMA) as opposed to traditional link-based CSMA algorithms, where links were treated as separate entities. Our algorithm is fully distributed and corresponds to Glauber dynamics
with “Block updates”. We show analytically and via simulations
that NB-CSMA outperforms conventional link-based CSMA in
terms of delay for any fixed-size network. We also characterize
the fraction of the capacity region for which the average queue
lengths (and the average delay) grow polynomially in the size of
the network, for networks with bounded-degree conflict graphs.
This fraction is no smaller than the fraction known for link-based
CSMA, and is significantly larger for many instances of practical
wireless ad-hoc networks. Finally, we restrict our focus to the
special case of collocated networks, analyze the mean starvation
time using a Markov chain with rewards framework and use
the results to quantitatively demonstrate the improvement of
NB-CSMA over the baseline link-based algorithm.
Index Terms— Wireless networking, carrier-sense multiple
access (CSMA), scheduling, starvation, delay performance.

I. I NTRODUCTION

S

CHEDULING is an essential task for resource allocation in communication networks. This task is especially
challenging in wireless networks due to inherent mutual
interference among wireless links, and for various networks,
the absence of central control and/or resource management
decision making. Typically, a good scheduling algorithm
should be able to achieve three goals; i) High Throughput:
Characterized by the fraction of the network capacity region a
scheduling algorithm achieves. Ideally a scheduling algorithm
should be able to support any set of arrival rates within the
capacity region. ii) Low Delay: A good scheduling algorithm
should be able to maintain the throughput required by the
application without incurring excessive delay at any of the
links. Furthermore, the expected delay should scale favorably
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with the size of the network. iii) Low Complexity: Required
to ensure easy implementation and to minimize resources
required to run the algorithm.
The seminal work of [2] is the first example of a throughputoptimal scheduling algorithm, which can support any arrival
rate vector within the network capacity region without any
of the link queues growing to infinity. It was shown that if
the interference relationships of the network is modeled by a
conflict graph, the max-weight algorithm, where the weight
of the link is taken to be the queue size, is throughput optimal. However, max-weight based algorithms suffer from high
complexity: In general networks, determining the maximum
weight independent set is NP-hard.
A recent breakthrough in wireless network scheduling
happened when it was shown that carrier-sense multiple access
(CSMA)-like algorithms can be made throughput optimal if
every link’s activation rate is optimized [3] or taken to be an
appropriate function of the queue length [4], [5]. This result
is attractive because CSMA algorithms are fully distributed.
The idea behind such algorithms is to run a Markov chain
of collision-free schedules that have a stationary distribution
approximating the max-weight solution. When the Markov
chain converges to the max-weight solution, throughput
optimality is achieved. A major shortcoming of these
algorithms is their delay performance which has been shown
to be unsatisfactory for many cases [6]. For example, in [7],
it has been shown that the delay can grow exponentially with
the size of the network in general graphs. Furthermore, it was
shown in [8] that there exists worst case topologies, such
that, even to attain a fraction of the capacity region, either
the delay or the complexity must increase exponentially. The
canonical example that illustrates the poor performance of
CSMA is the network that has a torus or lattice conflict graph.
We can easily see the existence of two optimal schedules: the
“odd” and the “even” schedules. As the network size increases
the transitions between the “odd” and “even” schedules
become less frequent, causing the average delay to increase.
This is known as the starvation problem of CSMA [9]. CSMA
gets stuck in a “good” schedule for a very long time. This
means that the key to decreasing the average-delay of CSMAlike algorithms, is to decrease the starvation time of all links.
Throughput-optimal CSMA algorithms tend to treat links
as separate autonomous entities that do not communicate.
This is not true in many instances of wireless networks.
In many practical wireless network deployments (e.g. wireless
mesh networks and wireless ad-hoc networks), nodes typically
control multiple outgoing links. Furthermore, it is a desirable
trait for wireless ad-hoc networks to be k-connected [10] to
ensure connectivity and fault tolerance. This means that every
node will have a minimum of k outgoing links. We use this fact
to motivate our proposed Node-Based CSMA (NB-CSMA),
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where scheduling decisions are made on a node level rather
than a link level. The node-based CSMA implementation
was touched upon in [5], however the node based implementation is described as a straight-forward extension to the
link based Q-CSMA, that is, it still relies on “single-site
updates” in the underlying Glauber dynamics as opposed to
the proposed NB-CSMA that relies on updating a number of
vertices in the conflict graph jointly. The motivation behind the
NB-CSMA algorithm is our observation that at high throughput regimes, activation rates tend to be high and links tend
to be increasingly greedy acquiring and keeping the medium.
Thus, a node’s ability to switch between two links in one
slot without having to go through an idle slot is expected to
make switching between dominant schedules more frequent.
This causes the starvation period of all links to decrease. Our
contributions can be summarized as follows:
C1 We propose a new throughput-optimal distributed
Node-Based CSMA (NB-CSMA) algorithm, where the
scheduling decisions are made on a node level rather than
a link level.
C2 We compare the Node-Based CSMA (NB-CSMA) to the
link based CSMA (Q-CSMA) [5] in terms of expected
delay for any fixed network. We show analytically and
via simulations that NB-CSMA performs no worse than
Q-CSMA for any network setting.
C3 We use mixing time analysis to characterize the fraction of
the capacity region where under the NB-CSMA algorithm,
the expected queue lengths and expected delay can be
bounded by a polynomial in the size of the network
(as opposed to exponential mixing). We show that this
fraction is no smaller than the known fraction of capacity
region under Q-CSMA.
C4 For a special class of networks, namely, collocated networks, we derive analytically a closed-form for the link
mean starvation time using a Markov chain with rewards
framework. We then use the results in the case where all
link throughputs are equal to quantitatively demonstrate
the improvement of NB-CSMA over Q-CSMA as a function of both topology and network load.
This list shows that NB-CSMA achieves all three objectives of scheduling: Throughput-Optimality, improved delay
over Q-CSMA and distributed implementation. ThroughputOptimality can be shown by analyzing the Markov chain
generated by the scheduling algorithm. Delay performance,
however, is very hard to analyze. Therefore, to show the
delay benefits of NB-CSMA, we look at different angles
of delay performance, namely, the second order behavior
of the per-link service late under NB-CSMA as compared
to Q-CSMA, the delay scaling as a function of the network
size and the per-link mean starvation time. These different
angles give us a comprehensive view of delay improvements
of NB-CSMA. We supplement the analysis using extensive
numerical simulations that show that NB-CSMA results in
around a 50% reduction of average delay over Q-CSMA for
all considered scenarios.
II. R ELATED W ORK
Delay performance of throughput optimal CSMA algorithms have been discussed in the literature in several works.
In [11], it was shown via a mixing time analysis that for
bounded-degree graphs and for a fraction of the capacity
region, the delay growth is upper bounded by a polynomial
in the size of the network. In [12], it was further shown

IEEE/ACM TRANSACTIONS ON NETWORKING

that for a reduced fraction of the capacity region, the delay
is bounded by a constant independent of the network size.
In addition to delay analysis, much of the existing research
focused on how to alter the CSMA algorithms to improve
the network delay performance while maintaining throughput
optimality and low complexity. In [7], resetting the algorithm
periodically is proposed to prevent starvation in the network.
This was shown to be order optimal (with respect to the size
of the network) for networks that have a torus or lattice shaped
conflict graphs. In [13], Lee et al. propose a new update rule,
where the Metropolis algorithm is used as a substitute to the
underlying Glauber dynamics-based algorithm to update the
schedule. This was shown to have better delay performance
for fixed sized networks. In [14], a modified version of the
CSMA algorithm is proposed, where only links with queue
lengths exceeding a certain threshold where allowed to contend
for the medium. This has the effect of reducing the number
of contending links every time slot and consequently reducing
average delay. Elegant solutions to the delay problem were
proposed in [15] and [16] where multiple Markov chains of
collision free schedules are run in parallel, and the actual
schedule is chosen from them probabalistically [15] or periodically [16]. Intuitively, as the number of parallel Markov
Chains increases, the probability that the scheduling algorithm
gets “stuck” in one good schedule for a long time decreases,
decreasing the expected delay. It was also showed in [17] that
the delayed-CSMA proposed in [16], with a suitable number
of parallel schedules, achieves order optimal per link steady
state delay. However, this vast improvement of steady state
delay comes at the cost of fast increase of convergence time
as the number of parallel schedules increases. This has a
detrimental effect on the transient delay, i.e., these algorithms
have favorable steady state delay performance, however the
time to get to that steady state can still be exponential in the
size of the network. Therefore, the resulting delay performance
can still be unsatisfactory. Complementary to delay analysis,
some works such as [9] and [18] have focused their efforts
on studying link starvation; another quantity of interest that
relates to delay. Link starvation can be roughly defined as
the time it takes the link to regain the transmission medium
after ceasing transmission. Some works such as [15] and [14]
have also studied starvation performance of their respective
proposed algorithms and related it to the Head-Of-Line packet
waiting time and average delay respectively.
III. S YSTEM M ODEL
We model the wireless network by the connectivity graph
G(K, V ) where K is the set of nodes in the network and
V is the set of the directional links. Links are assumed to have
binary interference relationships. The interference relationship
between different links in the network can be represented by a
conflict graph G(V, E), where V is the set of communication
links in the network. An undirected edge (i, j) ∈ E exists
if link i and link j interfere with each other. This is called
the Interference Graph Model, and can be used to model
any interference relationship such as Geometric, M-Hop, etc.,
as long as interference relationships between links are binary.
We define the neighbors of a link v, Nv = {w ∈ V :
(v, w) ∈ E}. Neighboring links in the conflict graph are
not allowed to transmit simultaneously to avoid collision.
We assume that a node can only activate one outgoing link
in each slot, which is the case in most wireless networks.
Note that under this assumption, outgoing links of node
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Fig. 1.
An Example of a simple 5 node network topology and the
corresponding conflict graph (1-Hop interference relationship). (a) G(K, V ).
(b) G(V, E).

k ∈ K form a clique (complete subgraph) in the conflict graph.
We denote this set of links as Kk . Fig. 1 is an example of this
modeling for a simple 5-node network with primary exclusive
constraints, i.e., links can be scheduled if and only if they
constitute a matching in G. The clique K1 is also highlighted
as an example.
We consider a slotted system, where each slot is divided into
a contention period and a transmission period. Our system follows the Discrete-time Synchronous-CSMA framework. At the
beginning of each time slot, there is a fixed contention period
where all links cease transmission and start contending for
the medium while sensing to determine whether they should
transmit or sense for the transmission period of the current
time slot. We define a schedule s(t) = (sv )v∈V (t) ∈ {0, 1}|V |
which represents a set of transmitting links in a given time
slot, i.e., link v is active at time t if sv (t) = 1. We use
the bold notation s(t) to denote the schedule of all links in
a certain time slot. The mean service rates of all links are
E(s(t)) = μ. A feasible schedule is one which does not
violate the conflict relationships of E, therefore a schedule
s is feasible if si + sj ≤ 1 ∀(i, j) ∈ E. We denote the set of
all feasible schedules by Ω. Note that a feasible schedule is
mapped to an independent set of vertices in the conflict graph.
Each link v has a queue qv to store incoming packets.
We assume an independent stationary arrival process av (t)
at each link with a mean equal to E(av (t)) = νv . The queue
dynamics for each link are given by
qv (t + 1) = (qv (t) − sv (t) + av (t))+ ∀v ∈ V

(1)

We assume all traffic is single hop, where a packet
exits the network right after a successful transmission.
These assumptions imply that the queue state of all links
(q1 (t), q2 (t), . . . , q|V | (t)) evolves as a discrete-time Markov
chain.
We define the Capacity Region of the network, Λ ⊆ [0, 1]n
to be the set of arrival rate vectors {νv }v∈V , of which there
exists a scheduling algorithm that can stabilize all the queues,
i.e., under some feasible scheduling algorithm, the expected
queue length remains finite for all links in the network.
A condition for stability is that the Markov chain of the queue
evolution process is positive recurrent. It was shown in [2], that
the Capacity Region of any network is the convex hull of all
feasible schedules:
Λ = {ν  0 : ∃μ ∈ Co(Ω), ν ≺ μ}

(2)

where Co(.) is the convex hull operator, and vector inequalities
are component-wise.
Definition 1: A scheduling algorithm is said to be
Throughput-Optimal if it can keep all queues stable for any
arrival rate vector ν ∈ Λ.

3

CSMA: Glauber Dynamics Single Site Update
We now briefly explain the discrete time throughput optimal
link-based CSMA proposed in [5] (Q-CSMA) to motivate
and introduce our NB-CSMA algorithm in the next section.
The throughput-optimal CSMA algorithm applies the Glauber
dynamics from statistical physics with appropriate activation
rates. Here, a feasible schedule corresponds to an independent
set in the conflict graph G. One application of Glauber dynamics is sampling independents sets on a graph. This is known in
the statistical physics literature as the hardcore model (see [19]
for details and examples). Q-CSMA is basically an application
of Glauber dynamics on the conflict graph to sample weighted
independent sets. In every time slot t, a link v is randomly
chosen to update as follows:

λv

sv (t + 1) = 1 w.p. 1+λ
v
• If
s
(t)
=
0,
then
1
w∈Nv w
sv (t + 1) = 0 w.p. 1+λ
v
• Otherwise, sv (t + 1) = 0
• and for all w = v, let sw (t + 1) = sw (t)
The schedule s(t) then forms an irreducible aperiodic
reversible Markov chain with stationary distribution:
1  sv
π(s) =
λv
(3)
Z
v∈V


where Z = sv ∈Ω v∈V λsvv is a normalizing constant.
The throughput optimal Q-CSMA [5] uses a modified version of the Glauber dynamics where multiple parallel updates
at non-conflicting links are allowed using the same update rule.
The activation rate or fugacity (we use those two expressions
interchangeably), λv , of any link v changes dynamically over
time depending on a local weight function wv that is taken as
a concave non-decreasing function of the queue length qv . For
example, if the fugacity λv is taken as
λv = ewv ,

(4)

this implies that the stationary distribution of the Q-CSMA is
1
π(s) = e v∈s wv (t)
(5)
Z
The intuition behind the throughput optimality is that the
Q-CSMA approximates the max-weight solution, which is
known to be Throughput-Optimal [2].
The extension to a node-based implementation in [5]
describes a protocol to determine which nodes can update
their links using an RTS/CTS mechanism. Selected nodes then
choose an outgoing link uniformly to update link activity using
the Q-CSMA rules. Clearly, the node-based implementation of
Q-CSMA does not allow switching between outgoing links.
This motivates our Node-Based CSMA (NB-CSMA).



IV. N ODE BASED CSMA : G LAUBER
DYNAMICS W ITH B LOCK U PDATES
In this section, we introduce our proposed NB-CSMA algorithm. The reason behind Q-CSMA’s poor delay performance
is the need for high activation rates that causes all links to
be greedy when contending for the medium, which causes
the Q-CSMA to converge to one good schedule and remain
at that schedule (or fluctuate around it) for a long time.
In NB-CSMA, we attempt to solve that problem by examining
the possibility of directly switching between links that share
a common transmitter. The intuition is that the network will
then switch between dominant schedules more often, without
having to pay the price of an idle time slot every time a switch
happens.
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A. Step 1: Forming Blocks
We now explain how NB-CSMA works. Recall that the
outgoing links of every node k ∈ K are mapped to a clique in
the conflict graph that we call Kk . At the beginning of each
slot, a subset of nodes is selected for update. Each one of those
selected nodes chooses a subset of outgoing links to update
in that slot. We call this subset of links the update clique, Ck ,
for a node k that is allowed to update this slot. The selection
of update cliques Ck is made such that
1) Ck ⊆ Kk
2) For any two nodes that will update at the same slot k,
l ∈ K, we have (v, w) ∈
/ E ∀v ∈ Ck , w ∈ Cl
The first condition simply states that each update clique Ck is
a subset of the outgoing links that have a common transmitter
node k ∈ K. This ensures that the algorithm is fully distributed
with respect to the nodes, i.e., the only information needed to
make a scheduling decision comes from the queue lengths
at each physical node. The second condition is more subtle:
It states that the links (vertices on conflict graph) of update
cliques should not have an edge between them, i.e., they do
not interfere. This requirement is necessary to ensure that
the resulting schedule is feasible since the update clique can
turn any of its links on. We denote the collection of update
cliques at each time slot as C. A simple RTS/CTS-like scheme
can be used, whereby each node polls its outgoing links and
adds them to the update clique if no conflict exists. This
simple scheme can be shown to find update cliques that satisfy
the two conditions with no siginificant messaging overhead.
We denote the probability of choosing a particular update
clique collection C at any time slot as P (C).
B. Step 2: Updating Blocks
Now that the update cliques C have been found, we proceed
to explain how the schedule shall be updated. We call x(t+ 1)
the proposed schedule. This schedule will be used to obtain
the actual schedule s(t+ 1). The NB-CSMA update procedure
is given in Algorithm 1.
We can see that lines 3-8 in Algorithm 1 describe an
operation where an already active link is chosen to be updated
according to a procedure similar to the Q-CSMA. Similarly,
lines 10-12 describe how an inactive link with no active
neighbor is chosen randomly and added to the schedule
with some probability. This is again similar to the Q-CSMA
procedure, i.e., lines 3-8 and 10-12 just describe the classical
Glauber dynamics to generate independent sets with some
desired distribution. Lines 6-8 represent the addition provided
by making the CSMA algorithm node based. A node can
switch from one active link to an inactive one according to
the probability defined in line 7. Lines 14-18 state that a link
update is only accepted if the new schedule is an independent
set to ensure that no collisions happen; otherwise the links’
state in the new time slot remains identical to the one in the
previous time slot.
Note that the NB-CSMA algorithms corresponds to
performing “Block updates” as opposed to single site
updates in Q-CSMA. The block updates have been used
before for Glauber dynamics to analyze the mixing
time [19], [20].
V. P ERFORMANCE OF THE NB-CSMA A LGORITHM
Since the schedule s(t + 1) depends only on the schedule
of the previous time slot s(t), the evolution of schedules over
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Algorithm 1: NB-CSMA Algorithm
1
2
3
4

for Ck in C do
if ∃v ∈ Ck s.t. sv (t) = 1 then
w.p. |C1k |
sv (t + 1) = 1, sw (t + 1) = 0, ∀w ∈ Ck \ v w.p.
λv
1+λv

sv (t + 1) = 0, sw (t + 1) = 0, ∀w ∈ Ck \ v w.p.

5

1
1+λv
k |−1
w.p. |C|C
k|

6

xw (t + 1) = 1, xz (t + 1) = 0, ∀z ∈ Ck \ w w.p.
λw
(1+λz ) , ∀w ∈ Ck \ v



7

z∈Ck

xw (t + 1) = sw (t), ∀w ∈ Ck Otherwise

8
9
10
11
12
13
14

15
16
17
18
19

else
pick link w ∈ Ck uniformly at random
λw
xw (t + 1) = 1 w.p. 1+λ
w
1
xw (t + 1) = 0 w.p. 1+λ
w
end
if xw (t + 1) + sz (t) ≤ 1, ∀w ∈ Ck , ∀z ∈ Nw \ Ck
then
sw (t + 1) = xw (t + 1), ∀w ∈ Ck
else
sw (t + 1) = sw (t), ∀w ∈ Ck
end
end

time forms a Discrete Time Markov Chain (DTMC) with
state space Ω. To write the transition probability between
two feasible schedules s and s , it is useful to look at the
conditional transition probabilities given a particular choice
of update cliques C. Let sCk (t) be the schedule of clique Ck
at time slot t. We can breakdown update cliques into three
types and characterize their different transition probabilities
P (sCk , s Ck )
1) Type A: CA : sw (t) = 0, ∀w ∈ CA and sv (t + 1) =
λv
1, ∃v ∈ CA and P (sCA , s CA ) = |C1A | 1+λ
v
2) Type B: CB : sv (t) = 1, ∃v ∈ CB and sw (t + 1) =
1
0, ∀w ∈ CB and P (sCB , s CB ) = |C1B | 1+λ
v
3) Type C: CC : sv (t) = 1, ∃v ∈ CC and sw (t +
1) = 1, ∃w ∈ CC \ v and P (sCC , s CC ) =
|CC |−1
|CC |



λw

z∈CC (1+λz )

Since changes over different cliques at each time slot are
independent, the conditional transition probability given some
update cliques C, P (s, s |C), is calculated by multiplying
the transition probabilities over every clique depending on
the transition type as described above. Let CA , CB and CC
be the cliques that will have a transition of type A, B or C
respectively. The total transition probability follows
P (s, s )

P (C)P (s, s |C)
=
C

=


(C)

×

(6)

 
P (C)
P (sCA , s CA )


CB ∈CB

CA ∈CA

P (sCB , s CB )


CC ∈CC


P (sCC , s CC )

(7)
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The DTMC of transmission schedules is both irreducible
and aperiodic. Irreducibility can be checked by noticing that
starting from the state {s, sv = 0 ∀v ∈ V }, any feasible state
s ∈ Ω can be reached in finite number of steps. Aperiodicity
is easy to check as well, by noticing that every schedule
s ∈ Ω has a self transition if every clique in the update cliques
makes no transition, which always happens with a non-zero
probability.
Theorem 1: The DTMC is reversible with stationary distribution given by
1  sv
π(s) =
λv
(8)
Z
v∈V


where Z = sv ∈Ω v∈V λsvv is a normalizing constant.
Proof: Given the update cliques C, for two feasible
schedules (s, s ), define the symmetric difference as s s =
(s \ s ) ∪ (s \ s). It is easy to see that for the transition to
happen, the update cliques should fulfill the condition that
s s ⊆ C

(9)

Given any such selection of update cliques, we have for any
Ck ∈ C:
1) If ∃!v ∈ Ck ∩(s \s) s.t. s s ∩Ck = v, then P (sCk , s Ck )
is a Type A transition, where ∃!a means “there exists a
unique a”.
2) If ∃!w ∈ Ck ∩ (s \ s ) s.t. s s ∩ Ck = w, then
P (sCk , s Ck ) is a Type B transition.
3) If ∃x, y ∈ Ck s.t. x ∈ (s \ s ) and y ∈ (s \ s), then
P (sCk , s Ck ) is a Type C transition.
A straight-forward substitution shows that
π(s)P (s, s |C) = π(s )P (s , s|C))
(10)


P (C)π(s)P (s, s |C) =
P (C)π(s )P (s , s|C)) (11)
C

C


π(s)P (s, s ) = π(s )P (s , s)

(12)

Thus the stationary distribution satisfies the detailed balance
equations.
A. Throughput Optimality
It was shown in [5] that any scheduling algorithm
that has the stationary distribution of the form (8) is
Throughput-Optimal under the time-scale separation assumption, i.e., assuming that the DTMC of schedules converges
on a fast time-scale compared to the queue evolution. This
means that it is sufficient for the scheduling algorithm to
have the “correct” stationary distribution in (8) in order to
be Throughput-Optimal, thus, NB-CSMA is ThroughputOptimal. The time-scale separation assumption means that the
schedules can be assumed to be always at the stationary distribution. This assumption was justified in [21]. The intuition
behind Throughput-Optimality can be shown by defining a
weight function of link v as
wv = f (qv ), ∀v ∈ V

(13)

where f is a concave nondecreasing function of the queue
length q (usually taken as a function slower than log( ) for
technical reasons). Then, if we take the link fugacity to be
λv = ewv ,

(14)

5

we obtain the stationary distribution of the DTMC as



1
e v∈s wv (t) .
(15)
Z
Intuitively, (15) approximates the max-weight solution that
is known to be Throughput-Optimal every time slot [2].
We note that the stationary distribution of NB-CSMA is
equal to the one of Q-CSMA in [5], that is, in terms of the
stationary distribution of schedules, NB-CSMA and Q-CSMA
are equivalent. It is the second-order behavior that is different,
which causes NB-CSMA to have favorable delay performance.
π(s) =

B. Delay Performance
Due to complex interactions between different links,
the delay performance is generally hard to assess. However, several tools have been used to analyze the delay of
CSMA-like algorithms. We begin our delay performance
assessment by comparing the delay performance between
Q-CSMA and NB-CSMA for a fixed size network, showing
that under NB-CSMA algorithm, each link sees a service
process that has less variability, implying better delay performance. We then proceed to test how NB-CSMA scales as
the network size increases. In particular, we are interested
in characterizing the fraction of the capacity region where
the queue sizes can be bounded polynomially in the number
of links (as opposed to exponentially). A similar result for
Q-CSMA was found in [11]. We show that the fraction of
the throughput region where the NB-CSMA is fast mixing is
usually larger that the one found in [11], except for some
special cases when the two regions coincide. Before we
proceed, we make three simplifying assumptions for the sake
of tractability:
A1 All fugacities, λv ∀v, are fixed and possibly heterogeneous, as opposed to the dynamic fugacities used to prove
throughput optimality. Suitable fixed fugacities can be
found using the problem formulation/solution in [3] to
stabilize any arrival rate vector in the capacity region.
A2 We assume for our comparison purposes that both
NB-CSMA and Q-CSMA perform a single update per
time slot, i.e., in Q-CSMA one link (vertex in the conflict
graph) is updated, and in NB-CSMA one node (clique
in the conflict graph) is updated. This does not change
the stationary distribution in (8); it just provides easier
grounds for comparison at the cost of slower convergence
to the stationary distribution since only one update per
slot is allowed.
A3 We assume that in Q-CSMA, each time slot, a link is
chosen uniformly at random to be updated (with probability n1 , where n is the number of links). We assume on
the other hand in NB-CSMA, each time slot a node k
is updated at random with probability proportional to
the number of outgoing links (with probability |Knk | ).
This makes the probability that a particular link is turned
ON or OFF equal in both Q-CSMA and NB-CSMA.
We note that A2-A3 suit the case of continuous-time
CSMA. However, in discrete-time NB-CSMA, the network
has to perform parallel updates (dropping A2-A3) for two
reasons: 1. Performing single-site updates require networkwide coordination which is not practical in large networks.
2. Parallel updates enables the network to track the optimal
max-weight solution faster (and speeds up mixing time by
O(n) [11]) which translates to a reduction in network delay.
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1) Comparison to Q-CSMA for Fixed Size Networks: In a
fixed size network setting, we are interested in comparing
the steady-state delay performance between Q-CSMA and
NB-CSMA. The approach we use is similar to the one used
in [13] to compare fixed size networks. This approach depends
on looking at the service process of any link v in isolation.
First, define the service process of link v under NB-CSMA and
Q-CSMA algorithms as σv (t) and σ˜v (t), respectively. Also
define P, P̃ , π, π̃ to be the transition matrix and the stationary
distribution of the NB-CSMA and the Q-CSMA Markov
chains, respectively. Throughout this analysis, we assume that
both Markov chains P and P̃ have already converged to their
steady state distribution.
Let B be the subset of schedules that include link v in them:
B = {s ∈ Ω : sv = 1}. The service process σv (t) is a 0-1
process with

π(s).
(16)
P (σv (t) = 1) =
s∈B

The comparison theorem then states that

ε̃(f, f ) ≤ Aε(f, f ).

The key to calculating the congestion ratio A is noticing
that all the Q-CSMA Markov chain’s transitions are contained
within the NB-CSMA Markov chain’s transitions. In particular, line 4, line 5, line 11 and line 12 of Algorithm 1 are
exactly Q-CSMA operations. Furthermore, the first and third
assumption ensures that the probability of “refreshing” any
link v ∈ V is equal for both Q-CSMA and NB-CSMA, i.e.,
P̃ (x, y) = P (x, y), ∀x, y ∈ Ω

(17)
(18)

For the states s ∈ B, Let τi = Ti+1 − Ti (i ≥ 1) be the
sequence of recurrence times and πB be their steady state
probability. The quantities π̃B , σ̃(t), τ̃i are defined similarly.
We are interested in comparing the quantities E(τi ), E(τi2 )
with the quantities E(τ̃i ), E(τ˜i 2 ).
Theorem 2: Under assumptions A1-A3, for any link v,
the following inequalities hold
E(τi ) = E(τ˜i )
(19)
(20)
E(τi2 ) ≤ E(τ̃i2 )
Proof: When comparing the reversible Markov Chains
P, P̃ we first notice that π(s) = π̃(s), ∀s ∈ Ω by (3)
and (8). It is a well-known fact of Markov Chains that the
stationary distribution of a state is the reciprocal of its expected
recurrence time, i.e., for any state (or group of states) the
following holds by (3) and (8)
1
1
= πB = π̃B =
E(τi )
E(τ˜i )

(21)

Next we define the Dirichlet form ε(f, f ) for functions f :
Ω → Ê [19] by
1 
ε(f, f ) =
(f (x) − f (y))2 π(x)P (x, y)
(22)
2
x,y∈Ω

The comparison method in [22] provides a method to
compare the Dirichlet forms of two reversible Markov Chains
defined on the same state space Ω to obtain linear inequalities
between them when the Markov Chains do not necessarily
have a linear relationship. Define E = {(x, y) : P (x, y) > 0}.
An E-path from x to y is a sequence Γ = (e1 , e2 , . . . , em ) of
edges in E such that e1 = (x, x1 ), e2 = (x1 , x2 ), ...., em =
(xm−1 , y) for some states x1 , . . . , xm−1 ∈ Ω. The length of
E-path Γ is denoted by |Γ|. Suppose that for each (x, y) ∈ Ẽ
there is an E-path from x to y. We refer to this path as Γxy .
Now, define the congestion ratio as

1
A = max
|Γxy |π̃(x)P̃ (x, y) (23)
(z,w)∈E π(z)P (z, w)
Ẽ(z,w)

s.t. P̃ (x, y) > 0. (25)

We argue that the extra “transitions” in NB-CSMA Markov
chain entails better delay performance. To apply the comparison theorem, we simply take the E-path Γxy given any
x and y to be (x, y). Furthermore, by the equation in (25), and
the fact that both chains have the same stationary distribution,
the computation of the congestion ratio in (23) gives A = 1.
By the comparison theorem

We define
T1 = min{t ≥ 0 : σv (t) = 1}
Ti+1 = min{t > Ti : σv (t) = 1}.

(24)

ε̃(f, f ) ≤ ε(f, f ).

(26)

Define the hitting time HB as (H̃B is defined similarly)
HB = min{t ≥ 0 : σv (t) = 1}.

(27)

The hitting time HB is the time needed to reach the subset
of states B where link v is active. We are interested in the
expected hitting time: The time needed to reach subset B
starting from a randomly chosen state. By the formula in [13]
(Presented originally in [1, Ch.3, Proposition 41]) we have
E(H) = sup{
g

1
: −∞ < g < ∞, g(.) = 1 on B
ε(g, g)

and
π(s)g(s) = 0} (28)
s∈Ω

By the equality of stationary distributions of the two chains,
and substituting with the inequality relating their Dirichlet
forms (26) in (28), we get that
E(H) ≤ E(H̃),

(29)

Again from [23], we obtain an important relationship relating the recurrence time and the hitting time
2E(H) + 1
πB
Substituting Inequality (29) in (30)
E(τi2 ) =

E(τi2 ) =

2E(H) + 1
2E(H̃) + 1
≤
= E(τ̃i2 )
πB
πB

(30)

(31)

We conclude that when looking at any link v in isolation,
the expected recurrence time of the service process is equal
for both the Q-CSMA and NB-CSMA. Thus, on average,
qv sees the same service rate under both algorithms. However,
the second order characteristics are different as NB-CSMA
results in less variability in the service process. Recall that
when comparing M/G/1 queues with the same arrival and
mean service rates, using the P-K formula [24], the service
process with less variance gives a shorter average queue length
and thus a smaller average delay. This suggests that when
viewed in isolation, the queue of link v has a lower average
length under the NB-CSMA protocol and sees a smaller
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average delay, as Q-CSMA, on average, starves link v for
longer periods of time.
It remains in this section to discuss the validity of our
assumptions. Assumptions A2 and A3 ensure that (25) holds.
While those two assumptions would hold if we used a
continuous-time algorithm like the one in [4], in discrete
time algorithms, the transition probability depends on both
the access probability, which we take uniformly as n1 and
the ON/OFF probabilities of the links. In general, the access
probabilities are not uniform (except for special cases such
as collocated networks, i.e., networks with a complete interference graph). The network randomly picks an independent
set of links to update. This is usually done using a contention
window. To get a fair comparison, we should compare between
an optimized access scheme for both the Q-CSMA and
NB-CSMA. However, the optimized access scheme for
Q-CSMA has no closed-form as shown in [25] and requires
solving a network-wide hard optimization problem. We expect
it to be even harder for NB-CSMA. Therefore, we rely on
simulations to show that the results of Theorem 2 holds for any
practical access scheme with assumptions A2 and A3 removed.
2) Fast Mixing Activation Rates: We are now interested
in characterizing the asymptotic delay performance of the
NB-CSMA as the size of the network grows for networks
with bounded-degree conflict graphs. It was shown in [7],
that at high throughput values, the delay of the conventional
CSMA algorithm grows exponentially with the number of the
links in the network, which makes the delay performance
unacceptable in large networks. Our goal is to characterize
the throughput region where the average delay is bounded by
a polynomial, because this is the region where the network
is guaranteed to operate with acceptable delay performance.
In [11], this region was shown to be contained in the region
where the schedules Markov chain is “fast mixing”. Thus, our
target is to find the fraction of the capacity region that makes
the network fast mixing.
We first define the total variation distance between the
Markov chain distribution at time t starting from state x and
the stationary distribution π:
dT V (Pxt , π) = max |Pxt (A) − π(A)|
A⊂Ω

(32)

The mixing time of the Markov Chain is defined as
Tmix () = min{t | max dT V (Pxt , π) < }.
x

x,y

This is much easier than bounding mixing time using couplings for arbitrary pairs of states. Formally:
Theorem 3 [26]: Let δ be an integer valued metric on Ω×Ω
which takes values {0, . . . , D} . Let S be a subset of Ω × Ω
such that for all (xt , yt ) ∈ Ω × Ω, there exists a path xt =
e0 , e1 , . . . , er = yt between xt and yt such that (el , el+1 ) ∈
S, ∀ 0 ≤ l < r and
r−1


δ(el , el+1 ) = δ(xt , yt )

(35)

l=0

Define a coupling (x, y) → (x , y  ) on the Markov Chain
P on all pairs (x, y) ∈ S and suppose there exists β ≤ 1 s.t.
E(δ(x , y  )) ≤ βδ(x, y) for all x, y ∈ S . If β < 1 the mixing
time Tmix () satisfies
Tmix () ≤

log(D−1 )
,
1−β

(36)

where D = maxx,y∈Ω δ(x, y), i.e., the maximum distance
between any two states in terms of the metric δ(x, y).
Later, we shall apply this theorem
with the Hamming

distance metric, i.e., δ(x, y) =
v∈V ½(xv = yv ). Thus,
for our results, we can substitute D with the number of links
in the network, n.
Instead of analyzing the NB-CSMA Markov chain, P ,
we analyze a different Markov Chain Q that is linearly related
to the original Markov chain P , and rely on the relationship
between P and Q to estimate the mixing time of P . Throughout this section, we shall assume that assumptions A1, A2 and
A3 hold. For notational convenience, we refer to the set of
outgoing links of node k, that contains link v as Kv . Recall
that Kv is also a clique in the conflict graph. Furthermore
under A2, since only one node gets to update its schedule
every time slot, we assume this node always chooses to update
all outgoing links Kv .
Let λ1 ≤ λ2 . . . ≤ λmax be the set of fugacities of all
links v ∈ V . Define the transitions of Markov Chain Q as
specified in Algorithm 2. It is not difficult to check that the
Markov Chain Q has a stationary distribution equal to that
of (3) and (8).
Theorem 4: Given the Markov Chain Q, if λmax <
1
max(dv −|Kv |) , then the mixing time of Q satisfies
v

(33)

Our tool for bounding the mixing time will be coupling. The
coupling of two Markov chains is a pair process (X t , Y t ) such
that
1) Each of the Markov Chains (X t , Y t ) when viewed in
isolation remains faithful to the original Markov Chain.
2) If X t = Y t then X t+1 = Y t+1 .
The mixing time is bounded by the stopping time taken for
any two coupled processes to meet, that is
Tmix ≤ max min{t : X t = Y t |X 0 = x, Y 0 = y}.

7

(34)

Equivalently, instead of computing the stopping time explicitly, we can define a distance metric on Ω, and compute the
time taken for the distance between the two processes to go to
zero. Path coupling introduced in [26] is a powerful tool that
makes it easier to design and analyze couplings, by showing
that to bound the mixing time, it is enough to restrict the
couplings to pairs of states that are adjacent in the metric.

Tmix () ≤

2n(1 + λmax ) log(n−1 )
= O(n log n). (37)
1 − max(dv − |Kv |)λmax
v

Where dv is the interference degree of link v (number of
neighbors in conflict graph or number of interferers).
Proof: We choose our distance metric function δ(x, y) to
be the Hamming
distance between the two schedules x and y,

δ(x, y) = v∈V ½(xv = yv ). We take the subset S ⊆ Ω to
be the states that are different at only 1 link, i.e., δ(x, y) = 1.
It is straightforward to check that the subset S satisfies the
condition (35). Line 2 in Algorithm 2 has the effect of making
the Markov chain lazy (probability of staying in any state is
at least 12 ). Making the Markov chain lazy makes the task of
relating the mixing time of Q to the mixing time of P easier in
Theorem 5. Also, making Q lazy has the effect of doubling the
mixing time. Therefore we neglect this self transition (Line 2
and Line 3 in Algorithm 2) in the analysis and compensate
for it by a factor of 2 at the end of the analysis. We will use
the prime symbol to donate states after one slot has elapsed,
for example P (X  , Y  |x, y) is the distribution of the schedule
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Algorithm 2: Evolution of Markov Chain Q
1
2
3
4
5
6
7

8

9
10

11
12
13
14
15
16
17

18
19
20
21

Pick a Clique Kv to update randomly w.p. |Knv |
w.p. 12
s(t + 1) = s(t)
w.p. 12
if ∃v ∈ Kv s.t. sv (t) = 1 then
w.p. |K1v |
sv (t + 1) = 1, sw (t + 1) = 0, ∀w ∈ Kv \ v
λv
w.p. 1+λ
max
sv (t + 1) = 0, sw (t + 1) = 0, ∀w ∈ Kv \ v
w.p. 1+λ1max
v |−1
w.p. |K|K
v|
xw (t + 1) = 1, xz (t + 1) = 0, ∀z ∈ Kv \ w
λw
, ∀w ∈ Kv \ v
w.p. 2(|Kv |−1)(1+λ
max )
xw (t + 1) = sw (t), ∀w ∈ Kv otherwise
else
pick link w ∈ Kv uniformly at random
λw
xw (t + 1) = 1 w.p. 1+λ
max
xw (t + 1) = 0 w.p. 1+λ1max
end
if xw (t + 1) + sz (t) ≤ 1, ∀w ∈ Kv , ∀z ∈ Nw \ Kv
then
sw (t + 1) = xw (t + 1), ∀w ∈ Kv
else
sw (t + 1) = sw (t), ∀w ∈ Kv
end

at time slot t + 1 given that the Markov chain was at state
(x, y) at time t. The next step is to calculate E(δ(x , y  )), that
is, the expected distance between the states after one time slot
has elapsed.
Let x and y be two feasible schedules on Ω that agree
everywhere except at link v. Suppose WLOG that xv = 1
and yv = 0. Note that this directly implies that xw =
yw = 0 ∀w ∈ Nv . We run the Markov chain Q for one slot
and estimate the expected distance metric after one time slot
δ(x , y  ). There are 5 different cases that result in different
E(δ(x , y  )). We define the coupling for each of these cases:
1) Kv is chosen to be updated w.p. |Knv | for both (X, Y ).
Furthermore both (X, Y ) choose link v to update w.p.
1
|Kv | (where x is performing lines 7, 8 of algorithm 2
and y is performing lines 13, 14 of algorithm 2), and
λv
P (X  = X, Y  = X) = n(1+λ
, P (X  = Y, Y  =
max )
1
. Thus, in this case δ(x , y  ) = 0 w.p. 1.
Y ) = n(1+λ
max )
2) Kv is chosen to be updated w.p. |Knv | for both (X, Y ),
also both X and Y attempt to activate a new link w ∈ Kv
that has xz (t) = yz (t) = 0, ∀z ∈ Nw \ v. Define the
coupling as follows

λw
1
(38)
2n (1 + λmax)
1
λw
(39)
P (X  = X, Y  = Y ∪ w) =
2n (1 + λmax)

P (X  = Y ∪ w, Y  = Y ∪ w) =

where x is performing lines 10, 11 and y is performing
lines 14, 15 of Algorithm 2. Since Both contributions are
equal we have E(δ(x , y  )) = 1.


3) A
link w ∈ Nv \ Kv where w ∈ Cw and w∈Cw xw =
w∈Cw yw = 0 . Now both x and y are performing
lines 13, 14 of Algorithm 2. We have the following
coupling
λw
n(1 + λmax )
1
P (X  = X, Y  = Y ) =
n(1 + λmax )

P (X  = X, Y  = Y ∪ w) =

(40)
(41)

Thus, in the first equation δ(x , y  ) = 2, and in the second
equation δ(x , y  ) = 1.

4) A
link w ∈ Nv \ Kv where w ∈ Cw and w∈Cw xw =
w∈Cw yw = 1 . Now both x and y are performing
lines 10, 11 of Algorithm 2. We have the following
coupling
λw
2n(1 + λmax )
1


P (X = X, Y = Y ) =
2n(1 + λmax )

P (X  = X, Y  = Y ∪ w) =

(42)
(43)

Thus, in the first equation δ(x , y  ) = 3 and the second
equation δ(x , y  ) = 1.
5) A link w is chosen to updated where w does not fall
in any of the previous four categories. In that case,
the coupling is defined to make both X and Y perform
the same update. In this case, we have δ(x , y  ) = 1.
It is straightforward to see that there are at most |Kv |−1 links
satisfying case 2, and at most dv − |Kv | + 1 satisfying case 3
and case 4. By collecting the individual contributions of all
cases we obtain the following result

λw
1 
E(δ(x , y  ) − 1) ≤
−1
(44)
n
1 + λmax
w∈Nv \Kv

1
λmax
≤
(dv − |Kv | + 1)
− 1 (45)
n
1 + λmax
1
Now by taking λmax < min dv −|K
=
v|
v

we get the β term in Theorem 3 as

1
max(dv −|Kv |) ,
v

(dv − |Kv |)λmax + 1)
1 (1 − max
v
< 1 (46)
n
1 + λmax
Directly applying Theorem 3 proves the theorem.
Now that we have bounded the mixing time of Q, we need
to relate it to the mixing time of P . We make use of the
following Lemma stated as [27, Th. 5.3].
Lemma 1 [27]: Given two Markov chains P and Q, let
Q
P
their mixing times be Tmix
and Tmix
respectively. If
β =1−

P ≥ αQ,
P
then Tmix

1−π(x)
π(x) .

≤

Q
2α−1 Tmix
log(π ∗ (2)−1 ) where π ∗

(47)
=

max
x∈Ω
Before we apply this Lemma to bound the mixing time of P,
we state another Lemma
Lemma 2: Let P ∗ be the lazy version of the Markov Chain
P (by having a self transition with probability 12 every time
slot). Then P ∗ ≥ αQ, where α = 12 .
Proof: Denote the transition from s to s as P ∗ (s, s ) and
Q(s, s ) in the P ∗ and Q chains respectively. We verify that
α = 12 for all three types of transitions (and we add type 4 for
self-transitions)
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T1 P ∗ (s, s ) =
αQ(s, s )
T2 P ∗ (s, s ) =
αQ(s, s )
T3 P ∗ (s, s )
T4

λv
2n(1+λv )

≥

λv
2n(1+λmax )

≥ Q(s, s ) ≥

1
2n(1+λv )

≥

1
2n(1+λmax )

≥ Q(s, s ) ≥

|Kv |−1
2n


=

|Kv |−1
λw
2n
|Kv |(1+λmax ) ≥ αQ(s, s )
P ∗ (s, s ) ≥ 12 ≥ α ≥ αQ(s, s ).



λw

z∈Kv (1+λz )

v

Tmix () = O(n2 log n).
(48)
Proof: The theorem is proved by applying Lemma 5 for
P ∗ with α = 12 from Lemma 6. Also, for any graph, log(π ∗ ) =
O(n) [27]. Applying Lemma 5 with these quantities, and
noticing that P ∗ has double the mixing time of P concludes
the theorem.
It remains to find the fraction of the capacity region that causes
the Markov chain P to be fast mixing, and consequently causes
the queue lengths of links to be polynomially bounded in the
number of links. Before we state our main theorem we state
a related result from [3] as a Lemma.
Lemma 3 [3]: Given any ν ∈ Λ, there exists suitable
activation rates λ such that for every link v, the mean service
rate E(sv ) is equal to the mean arrival rate νv .
The last Lemma ensures the existence of fixed activation
rates (fugacities) that stabilize the queues whenever the arrival
rate vector falls within the capacity region. Now we are ready
to present our final theorem
Theorem 6: Given an arrival rate vector ν that satisfies
ν ∈ γΛ, where
γ=

1
,
max(dv − |Kv | + 1)

(49)

v

the Markov chain P is fast mixing, and the expected queue
lengths of any link v can be bounded by
E(qv (t)) = O(Tmix ) = O(n2 log(n))
(50)
Proof Sketch: We follow the approach of [11] to prove
the theorem. The first equality states that the expected perlink queue length is bounded order-wise by the underlying
Markov Chain mixing time. This result was proven in [11]
using a Lyapunov analysis.
To prove the second equality, we need to show that the
mixing time of the Markov Chain is bouded order-wise by
O(n2 log(n)). We have seen in Theorem 5 that, if the activation rates are bounded by max(dv1−|Kv |) , then the mixing
v

time bound holds. The critical part in the proof is showing
that there exist a set of activation rates that satisfies λv <
1
dv −|Kv | , ∀v ∈ V that stabilizes the network when ν ∈ γΛ,
i.e., those activation rates cause all the queues to see a service
rate no lower than the arrival rate when the arrival rate vector
is in the region γΛ.
Now Suppose that E(sv ) = νv , this implies stability of any
arrival rate in γΛ. Let pv0 be the probability that the medium
as seen by link v is not blocked. It is straightforward to see
(and proved in detail in [11]) that the service rate satisfies

λv
1+λv pv0 .

1 − pv0 ≤



By the union bound we have


sj +

j∈Kv

≥

We can now directly bound the mixing time of P using the
following theorem:
Theorem 5: Given the NB-CSMA Markov Chain P, if
λmax < max(dv1−|Kv |) , then the mixing time of P can be
bounded as

E(sv ) =

9



sk =

k∈Nv \Kv

j∈Kv

νj +



νk

k∈Nv \Kv

(51)
Also, note that ν  = γ1 ν ∈ Λ. Hence, there exists another
set of activation rates sch2 (λ1 , λ2 , . . . , λ|V | ) which can
stabilize ν  . Under sch2, we have 1 − νv as the fraction of
time where link v is idle. During these idle slots, at most 1
link from Kv and dv − |Kv | + 1 links from Nv \ Kv are active,
but the total service of link v neighbors cannot exceed (1−νv )
to ensure that v is stable, thus


νj +
νk ≤ (dv − |Kv | + 2)(1 − νv ). (52)
k∈Nv \Kv

j∈Kv

Combining (51) and (52)


1 − pv0 ≤
νj +
j∈Kv

νk

k∈Nv \Kv

≤ γ(dv − |Kv | + 2)(1 −

νv
νv
) ≤ (1 − )
γ
γ

(53)

λv
Hence, νv ≤ γpv0 which implies 1+λ
≤ γ. A direct
v
1
substitution gives λv ≤ dv −|Kv | , and this concludes the
proof.


C. Discussion
In the last theorem, we characterized the fraction of the
capacity region that makes the Markov chain P fast-mixing.
This is the fraction of the capacity region for which the
average queue lengths grow polynomially in the number of
links n. The region in Theorem 6 is no smaller than the
regions found in [11] and [12]. In fact the result in [11]
1
showed that the network was fast-mixing for ν ∈ 
Λ, where
= max dv is the conflict graph degree. The difference
v
between this result and ours is the following: In [11] we
have to decrease the throughput as the number of interferers
increase to get acceptable delay performance. In Theorem 9,
we have to decrease the throughput only when the number of
external interferers increase (interferers that have a different
transmitter). We expect the difference to be significant in
ad-hoc networks when the average node degree increases as
the network becomes dense.
Another difference is the following: The mixing time
bound obtained in [11] was O(log(n)) under parallel-updates
assumption (with assumption A2 removed). However the
mixing time of Q-CSMA for single-site updates is lower
bounded by Ω(n log(n)) [28]. Furthermore, in Theorem 9,
an additional O(n) factor comes from the log(π ∗ ) term in the
comparison theorem in Lemma 5. Thus the mixing time upper
bound of P is of order O(n) larger than that of Q. However,
as asserted in [27], this additional O(n) factor is almost
certainly an artifact of the analysis. Thus, although the bound
of Theorem 9 is O(n2 ) times that of [11], we do not expect
the mixing time of Q-CSMA to be less than that of NB-CSMA
for any arrival rate vector. This will be further validated by
simulations.
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VI. C OLLOCATED N ETWORKS
In this section, we restrict our study to collocated networks
where every link interferes with all other links. It is easy to
see that the resulting conflict graph is complete and at most
one link can be active each time slot, i.e., for a network with
n links, we have n + 1 feasible schedules enumerating all
links in the network plus the empty schedule. We focus on
collocated networks for both their relative simplicity compared
to general networks which have O(2n ) feasible schedules and
their practical importance as they are often used to model
wireless local area networks. Several works have analyzed
collocated networks separately: [11] analyzed the mixing time
of the schedules Markov chain. [25] formulated the link access
probability as an optimization problem, and [29] derived a
lower bound on mean delay for dynamic activation rates. Our
goals in this section are
1) We analyze collocated networks using the Markov Chain
with rewards framework [30] to derive a closed-form
expression for the mean starvation time for individual
links under both Q-CSMA and NB-CSMA.
2) We use mean starvation expressions to infer, in a quantifiable way, the expected gains from using NB-CSMA over
Q-CSMA as a function of activation rates and network
topology. To this end, we use simplifying assumptions
for the network for the sake of obtaining closed-form
expressions.
We remark that our approach is inspired by [12] where the
marginal service rate process along with stochastic dominance
were used to derive average delay bound for any link in a
general network with bounded-degree conflict graph. However,
we note that finding the mean-delay bounds obtained in [12]
involves inverting the transition matrix, which is only possible
computationally and does not offer clear insights on how the
bound depends on different network parameters.
We first note that for any collocated network, feasible
schedules can be enumerated as (0, e1 , e2 , . . . , en ), where
eu = {s|su = 1 and sv = 0, ∀v = u}. For the rest of our
analysis, we will consider the behavior of link 1, without
loss of generality. Similar to our analysis in Section 5.2,
we define ζi as the ith starvation time. Formally, we have ζi =
{Ti+1 − Ti | s1 (Ti ) = 1, s1 (Ti+1 ) = 1 and s1 (t) = 0 ∀Ti <
t < Ti+1 }. Note that the difference between starvation time ζi
and recurrence time τi is that starvation time counts the time
between two “ON” slots such that all the slots between them
link 1 is “OFF”, whereas recurrence time counts the time
between “ON” slots even if they are consecutive. Our goal is to
explicitly express E(ζi ) for a collocated network performing
both Q-CSMA and NB-CSMA and relating their performance
ratio to the network topology.
A. Q-CSMA Starvation Time
General Case: To compute the mean starvation time for a
collocated network executing Q-CSMA, we assume without
⎡
n
λi
1−
i=1 n(1 + λi )
⎢
⎢
...
⎢
⎢
1
⎢
⎣
n(1 + λ )
0

n

λ2
n(1 + λ2 )
...

Fig. 2.
case.

loss of generality that one link is chosen uniformly at random to update each time slot w.p. n1 . We then modify the
Markov chain governing the schedules by making the state e1
absorbing (by modifying probabilities such that P11 = 1 and
P1u = 0, for u = 1. We can now write the modified Markov
chain transition matrix S Q (where the transitions from/to
schedule e1 were moved to the last row/column respectively)
as in (54), shown at the bottom of this page.
Let vi be the expected first-passage time from ei to e1 . The
vector v can be found using a first-step analysis by solving
the following linear equations [30, Ch. 4.5]
v = 1 + Qv

(55)

which can be simplified to
v0 = 1 +

n

i=2

vi = 1 +


λi
λi
vi + 1 −
v0
n(1 + λi )
n(1
+ λi )
i=2
n

(56)

1
1
v0 + 1 −
vi , 1 < i ≤ n
n(1 + λi )
n(1 + λi )
(57)

We can easily solve these linear equations to obtain vi for
i = 0 and all i > 1. Note that under Q-CSMA, the scheduling
Markov chain can only depart schedule e1 to schedule 0,
i.e., we have E(ζ1 ) = v0 , thus, solving (56) and (57) we
get
n
( i=2 λi + 1)(n(1 + λ1 ))
E(ζ1 ) = v0 =
.
(58)
λ1
Equal Throughput Case: If we further simplify the network
to assume all links in the network having the same arrival rate,
we can assume that all activation rates in the network are
fixed and equal, we drop the subscript and refer to this unified
fugacity as λ. Under these assumptions, we can simplify the
state space of the scheduling Markov chain s(t) by making
the following observation: Link 1 only sees the medium
in three states: 1. ON: whenever s(t) = e1 , i.e., link 1
currently owns the medium and freely transmits if it has
any packets in its queues, 2. IDLE: whenever s(t) = e0 :
No link owns the medium, link 1 can acquire the medium
λ
, and finally, 3. BLOCKED: whenever
with probability n(1+λ)
s(t) ∈ {e2 , e3 , . . . , en }. The state diagram of the new
transition matrix is shown in Fig. 2. The reason of this is when

...
...

0

State space of Q-CSMA in collocated network, equal throughput

λn
n(1 + λn )
...
1
1−
n(1 + λn )
0

⎤
λ1
n(1 + λ1 ) ⎥
⎥
...
⎥
⎥
⎥
0
⎦
1

(54)
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activation rates are equal, it does not make a difference what
other link has the medium from the point of view of link 1.
More formally, the states {e2 , e3 , . . . , en } are statistically
indistinguishable when we are interested in analyzing the
behavior of link 1. We consolidate these states into a single
state eB and rewrite the matrix Q in (54) as
⎡
⎤
1
(n − 1)λ
λ
⎢ 1+λ
n(1 + λ)
n(1 + λ) ⎥
⎢
⎥
1
1
(59)
Q=⎢
⎥
1−
0
⎣
⎦
n(1 + λ)
n(1 + λ)
0
0
1
Performing a first-step analysis for the new Markov Chain
to obtain the mean-first passage times (v0 , vB ) starting from
the schedules (e0 , eB ), respectively, we get:
1
(n − 1)λ
v0 +
vB
1+λ
n(1 + λ)
1
1
v0 + (1 −
)v2
=
n(1 + λ)
n(1 + λ)

v0 = 1 +

(60)

vB

(61)

Solving the two linear equations, we get the following
expression for the mean-starvation time
n
(62)
E(ζ1Q ) = v0 = n2 + n(n − 1)λ + ,
λ
where we have used the fact that any starvation epoch will
have to start from the state e0 since the state e1 can only
transition to state e0 . As a sanity check, we note that letting
all activation rates λi = λ for all links in (58) gives us the
expression in (62).
B. NB-CSMA Starvation Time
We follow a similar procedure to compute the average starvation time of networks under NB-CSMA algorithm. We begin
by writing the transition matrix of the NB-CSMA schedules B.
As an example, the matrix (63), as shown at the bottom of this
page, represents a collocated network with two transmitting

Fig. 3.
case.

State space of NB-CSMA in collocated network, equal throughput

nodes with a total of n transmitting links, where node 1 has
K1 outgoing links and node 2 has K2 outgoing links. In this
section, we will use the set Kv of outgoing links from node
v and the set cardinality |Kv | interchangeably for clarity of
presentation. Note that in this case, K1 + K2 = n. The corresponding transition matrix B is a (n+1)×(n+1) given in (63),
where a node transition sub-matrix Pm that contains transition
between schedules within the node (ei , ei+1 , . . . , ei+Km ) is
given in (64), as shown at the bottom of this page.
We can repeat the steps in the previous section to obtain a
result similar to (58). However due to the less-sparse structure
of the matrix B, we cannot get a closed-form solution for the
mean starvation time of any link in a network operating under
the NB-CSMA scheduling algorithm. Therefore, we focus on
the special case of equal throughputs.
Similar to Section VI.A, when studying the mean starvation
time of link 1 of node 1, which has a total of K1 outgoing
links under the equal throughput assumption, we simplify the
state space into four states relevant to link 1: 1. ON: whenever
s(t) = e1 , i.e., link 1 currently owns the medium and freely
transmits if it has any packets in its queues, 2. IDLE: whenever
s(t) = e0 : No link owns the medium, link 1 can acquire the

  



  
e0
e 1 . . . eK1
eK1 +1 . . . en
⎤
n
λ1
λK1
λK1 +1
λn
λi
...
...
⎢1 −
i=1 (1 + λi ) n(1 + λ1 )
n(1 + λK1 ) n(1 + λK1 +1 )
n(1 + λn ) ⎥
⎥
⎢
⎥
⎢
1
⎥
⎢
⎥
⎢
n(1 + λ1 )
⎥
⎢
⎥
⎢
...
P1
0
⎥
⎢
⎥
⎢
1
B= ⎢
⎥,
⎥
⎢
n(1 + λK1 )
⎥
⎢
1
⎥
⎢
⎥
⎢
⎥
⎢ n(1 + λK1 +1 )
⎥
⎢
...
0
P2
⎥
⎢
⎦
⎣
1
⎡

(63)

n(1 + λn )

1
(Km − 1)λj
1−
−

j=i n i+Km (1 + λ )
n(1
+
λ
)
i

l
l=i

(km − 1)λi



i+K

m
Pm = 
n l=i
(1 + λl )

...


(km − 1)λi

i+Km (1 + λ )
n
l=i

l

(km − 1)λi+1

1−

1

i+Km (1 + λ )
l
l=i

(Km − 1)λj
−

i+Km
j
=
i+1
)
n
(1 + λ

n(1 + λi+1

...

l=i









(km − 1)λi+Km

i+K

n l=i m (1 + λl )
(km − 1)λi+Km

n

l)

...

n

...
1−

i+Km (1 + λ

1
n(1 + λi+Km )

l=i

−

...

l)



j=i+Km

λj

i+Km (1 + λ
l=i

l)

(64)
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λ
medium with probability n(1+λ)
, 3. NEIGHBOR: The medium
is owned by a link that is outgoing from node 1, thus at
(K1 −1)λ
anytime the schedule can switch to link 1 w.p. nK
. The
1 (1+λ)
NEIGHBOR state is entered whenever s(t) ∈ eK1 \ {e1 } 4.
BLOCKED: whenever s(t) ∈ eS \ (eK1 ∪ e0 ). In the rest of
this section, we will denote K1 simply as K for clarity of
presentation. The state diagram of the new transition matrix
is shown in Fig. 3
To derive the mean starvation time of link 1, we modify
the Markov chain in Fig. 3 of schedules by making the state
e1 absorbing. We repeat the procedure of Section VI.A. to
derive the first-passage time of all states to the target state e1 .
Solving the associated linear equations, we obtain the vector
of mean first passage times [vN , v0 , vB ]. Under the NB-CSMA
in Fig. 3, the schedule can transition out of state e1 to either
the IDLE state e0 or the NEIGHBOR state eN with probability
P10
P1N
P10 +P1N and P10 +P1N respectively. Therefore, to compute the
mean starvation time we take the inner product between the
P1N
10
initial distribution α = [ P10P+P
0] and the mean
1N P10 +P1N

first-passage time α = [v0 vN vB ] to obtain:
E(ζ1N ) = α v =

Kn(λ + 1)(nλ − λ + 1)
λ(λk 2 + (1 − 2λ)k + λ)

(65)

K
K + λ(K 2 − 2K + 1)

(66)

where
ρ
+ , for any  > 0.
(67)
n(1 − ρ)
The proof is immediate by dividing (65) by (62). The ratio
gives the decrease observed when using NB-CSMA instead of
Q-CSMA in a given network. Theorem 7 leads to the following
observations:
1) The ratio decreases with outgoing links K as Θ(K 2 ),
which means that for a given network, we see greater
λ=

an epoch that has a discrete Phase-Type distribution with
mean E(ζ1N ) given in (65).
VII. N UMERICAL R ESULTS

C. Comparative Analysis
In this section, we compare the service processes of both
Q-CSMA and NB-CSMA in the case of collocated networks
in the equal throughput case, when all nodes have K outgoing
links. We first begin by stating the following Lemma in
choosing activation rates λ in our special case of equal
throughputs.
Lemma 4: Given
a
collocated
network
running
Q-CSMA or NB-CSMA with equal throughputs for all
ρ
links, an activation rate of λ = n(1−ρ)
+  for any  > 0
stabilizes any throughput requirement ν = nρ for 0 < ρ < 1.
The proof is immediate by checking that the stationary
λ
> nρ which
probability of the Markov chain π(ei ) = 1+nλ
guarantees the stability of all queues. Recall thatthe stability
n
region of a collocated network is given by {ν| i=1 ν < 1}
and for the special case of equal throughputs the stability
conditions reduces to the single condition of ν < n1 . The
ρ in Lemma 4 takes values between 0 and 1 and represents
the traffic intensity in the network.
We are now ready to compare the ratio between mean
starvation times of both Q-CSMA and NB-CSMA in the
following theorem
Theorem 7: Given a collocated network with n links,
K
n nodes each with Kρ outgoing links and equal throughputs
at all links with ν = n , the ratio r between mean starvation
times of NB-CSMA and Q-CSMA is given by
r=

improvement in starvation times as the number of outgoing links per node increases. This result is expected since
larger K means that many decisions will be centralized
for more links.
1
2) The ratio decreases as Θ( (1−ρ)
2 ) as well, which means:
the higher the network traffic intensity, the more improvement we expect to get from NB-CSMA in terms of
starvation times.
3) Each link will see an alternating renewal service process
with equal long-term mean service times between all
links under both NB-CSMA and Q-CSMA scheduling
algorithms. However, the service process under each
algorithm will be as follows
Q-CSMA: The link will be ON for a Geometrically
1
distributed, Geo( n(1+λ)
), epoch, then OFF for an epoch
that has a discrete Phase-Type distribution with mean
E(ζ1Q ) given in (62).
NB-CSMA: The link will be ON for a Geometrically
2
λ
1
+ (K−1)
distributed, Geo( n(1+λ)
K(1+λ) ), epoch, then OFF for

A. General Networks
We simulate a random topology where 20 wireless nodes are
placed uniformly at random in a 600×600m square. A wireless
link is established with probability 1, if the transmitter node is
within 150m from the receiver node, and with probability 0.5
if the transmitter is within 250m from the receiver. All links
in this simulation are unidirectional. We assume a geometric
interference relationship between links whereby two links
interfere with each other if a)they share a transmitter node,
b)they share a receiver node, c)the transmitter node of one
link is within 250m of the receiver node of the other one.
The resulting instance of the geometric random network has
48 links. To determine the decision schedule of Q-CSMA and
the update blocks of the NB-CSMA, we use a contention
window of size 8 and a random back-off scheme, where
every link waits a random time, then attempts to include
itself in the update blocks (decision schedule). If no conflict
happens, the inclusion is successful. We also use the dynamic
log(1+qv )
fugacities λv = log(e+log(1+q
found to have the best
v ))
delay performance [21]. Thus effectively in the simulation
we have dropped assumptions (A1-A3) of Section 5. The
arrivals at different links are independent Bernoulli processes.
We determine the arrival rates of all links using the following
three steps: a) We compute all the maximal independent sets
of the conflict graph G of the network G in Fig. 4, we call
this set of independent sets AM . b) For each of these sets,
Am∈M , we obtain an arrival rate vector νm on the boundary
of the capacity region by setting the arrival rates of all links
v included in the set to {νvm = 1, ∀v ∈ m} and otherwise
/ m}. c) By taking the average of νm that
{νvm = 0, ∀v ∈
is, taking the average of the binary vector [νvm ]m∈M at each
link v, we get an arrival rate vector ν ∗ at the boundary of the
capacity region that has a strictly positive arrival rate for every
link v ∈ V . We multiply ν ∗ by a factor ρ ∈ (0, 1) that we
call “Traffic Intensity” to simulate the network at different
levels of throughput. In Fig. 5, we plot the time-average queue
lengths per link against the traffic intensity ρ. We calculate the
average queue lengths for 2×105 time slots. In all simulations,
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600×600m random network topology.

Fig. 7. Perfomance of Q-CSMA and NB-CSMA in Collocated Networks.
(a) Mean Starvation time of link 1 vs. ρ. (b) Average Queue Length per link
vs. ρ (Collocated Networks).

Fig. 5.

Average queue length per link vs. ρ.

Fig. 6. Average Queue Length per link vs. ρ (Delayed CSMA, T = 2,
T = 8.).

we neglect the evolution of queue lengths for the first half of
the simulation time when calculating time-averages, to make
sure that we have minimized the influence of the transient
behavior at the beginning of the simulation. We can see as
expected that NB-CSMA outperforms Q-CSMA for all values
of ρ. In this example, the average queue lengths of NB-CSMA
is on average half of that of Q-CSMA for all values of ρ.
By Little’s la w [30], we know that the average delay is the
ratio of the average queue length of any link (and of the whole
network) to the arrival rate. Thus, for this example, NB-CSMA
results in 50% decrease in average delay for any arrival rate
vector within the capacity region.
We consider a recent proposal that greatly improves the
performance of Q-CSMA, and compare the performance of
the modified Q-CSMA to the performance of NB-CSMA
when they both implement the same modification. Namely,
we consider the case of “Delayed CSMA” proposed in [16]
and [17] (and slightly differently in [15] and [18]) whereby
the links keep T parallel schedules and update each schedule
independently. For instance, if T = 2, then the network
keeps two separate schedules: one for even time slots and one
for odd time slots. Intuitively, when two or more schedules
evolve independently, it becomes less likely that any link
will be starved for a long time. In Fig. 6, the resullts of
the implementation of Delayed-CSMA for both Q-CSMA and
NB-CSMA are presented. We simulate the network in Fig. 4
for different traffic intensities. We note that, both Q-CSMA
and NB-CSMA see improvements when the number of parallel
schedules T , grow from 2 to 8. In fact, Q-CSMA sees a
28% reduction in average delay, whereas NB-CSMA sees a
33% reduction, i.e., NB-CSMA sees more reduction when
the schedules are parallelized. Also when T = 8 at high
throughputs, the average delay under Delayed NB-CSMA

is 40-50% that of Delayed-CSMA. This suggests that the
benefits of improvements to link-based CSMA algorithms,
such as parallelization, carry over to NB-CSMA whenever
those improvements are implemented on top of NB-CSMA.
B. Collocated Networks
We simulate a collocated topology with the assumptions
of Section VI (symmetric networks, fixed fugacities, equal
throughputs), with four nodes each having six outgoing links
(K = 6, n = 24) for 106 slots. In Fig. 7(a), we plot the analytical and simulated mean starvation times against the traffic
intensity ρ. We also added the corresponding ratio r for each
ρ at the top x-axis. We first note that the mean starvation time
increases as we increase ρ for Q-CSMA whereas it decreases
for NB-CSMA. The behavior of Q-CSMA can be explained
by taking the derivative of (62) with respect to λ. We find
1
that the mean starvation time is decreasing for λ <
n−1
1
and increasing for λ >
n−1 . Therefore, at high traffic
intensities we observe a sharp increase in mean starvation
times. The behavior of NB-CSMA is more complicated, as the
expression in (65) is a fractional polynomial, thus, increasing
traffic intensity may cause mean starvation time to increase,
decrease or oscillate depending on the network topology.
As traffic intensity increases, there are two forces that affect
the mean starvation time: An attractive force that pulls the
schedule towards link 1 from the neighbors that share the
transmitter node. Thus, when λ increases, the node tends to
switch the schedule rapidly between outgoing links decreasing
the mean starvation time of all links. On the other hand, since
all other links become attractive as well, link 1 has to wait
longer to get the medium back whenever a link that is outgoing
from a different node is transmitting, which increases the mean
starvation time. Thus, the mean starvation time under NBCSMA does not have a simple monotonic relationship with the
throughput like that of Q-CSMA. Another observation from
Fig. 7(a), the ratio of NB-CSMA to Q-CSMA mean starvation
time, r, decrease sharply with throughput in line with our
findings in Theorem 7. For example, this ratio decreases
from r = 0.47 for ρ = 0.6 to r = 0.19 for ρ = 0.95
demonstrating the vast decrease in mean starvation time as
we approach the boundary of the capacity region. We also
simulate the mean queue length for the same network for
different traffic intensities ρ under the same assumptions. The
results, shown in Fig. 7(b), show that NB-CSMA consistently
achieves around 50% of the delay achieved by Q-CSMA
across all traffic intensities ρ. Interestingly, this is similar to the
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reduction we obtained in the random topology with unequal
throughputs and adaptive fugacities.
VIII. C ONCLUSION
In this paper, we have proposed a node-based CSMA
algorithm that is throughput optimal and outperforms linkbased CSMA. The improvement margin depends on network
topology, but for practical ad-hoc networks, we expect the
improvement to be significant. NB-CSMA is also fully distributed, in the sense that the nodes make their decisions based
solely on local information. Our mixing time analysis gives an
insight on how topology affects the low delay fraction of the
capacity region. In particular, we have shown that interferers
that originate from the same transmitter do not contribute
to the shrinkage of the fraction of the capacity region with
low delays under NB-CSMA. Furthermore, our framework
of deriving mean starvation times assists us in understanding
how making node-based decisions affects link starvation. Our
simulation results show a significant improvement in mean
delay and mean starvation time over link-based CSMA. In our
future work, we will investigate the delay performance of
NB-CSMA in multihop ad-hoc networks and refine our delay
analysis to include dynamic update rules and more general
topologies. We will also investigate how our mean starvation
time framework could be extended to obtain bounds on the
mean delay in both special collocated and more general
networks.
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